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Coupled Helicopter Rotor/Flexible Fuselage Aeroelastic
Model for Control of Structural Response

Richard C. Cribbs,¤ Peretz P. Friedmann,† and Thiem Chiu‡

University of California, Los Angeles, Los Angeles, California 90095-1597

A re� ned coupled rotor/� exible fuselage aeroelastic response model is developed for vibration reduction studies
based on active control of structural response (ACSR). The structural model is capable of representing � exible,
hingeless rotors combined with a � exible fuselage, and a rigid platform combined with the actuators required for
modeling the ACSR system and is combined with a free wake model. The in� uence of rotor/fuselage coupling and
improved aerodynamics on the vibratory hub loads is investigated.

Nomenclature
A = beam cross-sectionalarea
aNbC , aNb S = cosine and sine parts of acceleration at various

fuselage locations
az = fuselage vertical acceleration at various locations
Cd0 = blade drag coef� cient
CO , C I , CNW = matrices of induced velocity in� uence coef� cients
CW = helicopter coef� cient of weight
c = blade chord
D = wake distortion
E = Young’s modulus of elasticity
E Iy , E Iz = blade bending stiffnesses in � ap and lead-lag
FA

b , FG
b , FI

b = blade aerodynamic,gravitational,
and inertial forces

Fb0 , Fbnc , Fbns = Fourier coef� cients of blade equations of motion
Fe0 , Fenc , Fens = Fourier coef� cients of elastic fuselage equations

of motion
Ffus = total fuselage forces
FNbC , FNb S = cosine and sine parts of rotor hub forces
Fr0 , Frnc , Frns = Fourier coef� cients of fuselage rigid body

equations of motion
FT , MT = tail rotor thrust and moment
Fx , Fy , Fz = vibratory hub shear components
F0, M0 = constant part of rotor hub loads
f Cd f = fuselage equivalent � at plate drag area
G J = blade torsional stiffness
[I ] = fuselage inertia tensor
I p = polar moment of inertia
Ix , Iy , Iz = fuselage beam cross-sectionalprincipal

moment of inertia
J = beam torsional constant
L = Lagrangian
M = fuselage total mass
MA

b , MG
b , M I

b = blade aerodynamic,gravitational,
and inertial moment

Mfus = total fuselage moments
MNbC , MNb S = cosine and sine parts of hub moments
Mns = nonstructural consistent mass matrix
Mx , My , Mz = vibratory hub moment components
mb = blade mass distribution per unit length
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N = matrix of shape functions for calculation
of nonstructuralmass matrix

Nb = number of blades
NH , Nel, Nrg = number of harmonics retained in Fourier

expansion of blade, fuselage elastic, and
rigid body degrees of freedom

Q i = fuselage generalized force
q = response vector
qb , qe , qr = vectors of blade, fuselage elastic, and rigid body

degrees of freedom
qb0 , qbnc , qbns = Fourier coef� cients of blade response
qe0 , qenc , qens = Fourier coef� cients of fuselage elastic response
qr0 , qrnc , qrns = Fourier coef� cients of fuselage rigid

body response
R = rotor radius
Rx , Ry , Rz = fuselage rigid body translational degrees

of freedom
R0 = fuselage center of mass position in inertial frame
rb = position of rotor blade point
rw = position of wake element
r0 = undeformed position of fuselage point with

respect to the fuselage center of mass in
fuselage reference frame

r 0 = deformation of fuselage point in fuselage
reference frame

T = kinetic energy
Ue = elastic strain energy
u, v , w = blade displacements in axial, chordwise,

and � apwise directions, respectively
V = volume of integration
x = blade spanwise coordinate
a R = rotor trim pitch angle
b p = blade precone angle
C I , C O = inboard and outboard circulation peaks de� ning

the strength of the tip vortices
C i j = bound vorticity at azimuth j and spanwise

location i
c = Lock number
d ( ) / d t = time derivative relative to fuselage

local coordinates
e = nondimensionalparameter representingorder of

magnitude of typical blade slopes
h G = geometric pitch angle
h tr = tail rotor collective pitch angle
h x , h y , h z = fuselage rigid body rotational degrees of freedom
h 0, h 1c, h 1s = blade collective pitch, cyclic cosine and sine

pitch angles, respectively
k = nondimensional induced velocity
l = advance ratio
» = vector of modal participations
n i = normal coordinates for truncated fuselage modal

matrix
q = mass density
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q A = air density
q M = equivalent density function for nonstructural

mass representation
r = rotor solidity ratio
U = matrix of fuselage mode shapes
U AC = modal matrix of actuator displacements
u = blade elastic twist angle
u s = rotor trim roll angle
w = blade azimuth angle or nondimensional

time ( =X t )
X = angular speed of rotor
! = angular velocity of fuselage frame relative

to inertial frame
x Fi , x Li , x Ti = the i th rotating blade � ap, lag, and

torsional frequencies

Introduction

R EDUCTION of vibration levels in helicopters below accept-
able limits is one of the central problems facing rotorcraft de-

signers. Increasingdemands for expandingthe � ight envelope, such
as nap of earth � ying, high speed and high g maneuvers, coupled
with the need to improve system reliability and reduce maintenance
costs, have resulted in more stringent vibration control standards.
The adoption of ADS-27 by the U.S. Army illustrates the increased
emphasis placed on the development of rotorcraft with drastically
reduced vibration levels.1,2 There has been a steady decrease in ro-
torcraft vibration levels over the years. However, with the adoption
of stringent vibration control requirements for the next generation
helicopters, further reduction in vibration levels below 0.05 g, or
even 0.02 g, will be needed. Therefore, a substantial body of re-
search and development effort has been directed toward vibration
prediction and reduction methodologies in helicopters.3 ¡ 5 A de-
tailed summary of the NASA/ARMY contributions to rotorcraft
vibration technology has been presented in Ref. 5.

The main rotor is one of the principal contributors to high vi-
bration levels in the helicopter fuselage. Therefore, the geometry
of the rotor system, the structural dynamic characteristics of the
rotor blades, and the fuselage play signi� cant roles in in� uencing
vibrations in helicopters. The various schemes available for vibra-
tion reduction in helicopters can be classi� ed as either passive or
active.3,4 This paper is concernedwith activeapproachesto vibration
reduction which have been reviewed in Ref. 6.

As described in Ref. 6, three active control approaches have
received considerable attention during the last twenty-� ve years:
higher harmonic control, where all of the blades are provided with
the same pitch input through a conventional swashplate; individual
blade control, in which each blade is given its own pitch input in
the rotating reference frame; and the last approach,developedmore
recently, the actively controlled � ap, where a partial span, trailing
edge � ap mounted on the blade is actively controlled in the rotating
reference frame.

In 1986, a new approach to active control of vibrations emerged.
This method is based on a somewhat broader concept of direct con-
trol of structural response.7 This new approach,denotedby the term
Active Control of Structural Response (ACSR), was initially devel-
oped by King and Staple.7 It differs from the previousactive control
approaches because the vibration reduction is accomplished in the
nonrotatingsystem.The ACSR scheme is based on the idea that in a
linear system one can superimposetwo independentresponsessuch
that the total response is minimized. When applying this scheme to
the helicopter vibration reduction problem, the fuselage is excited
by controlled forcing inputs at selected locations so that the com-
bined response of the fuselage, due to both the rotor loads and the
applied excitations, is minimized. The schematic representationof
such a coupled rotor/active control/fuselage dynamic system and
its associated control system for vibration reduction is depicted in
Figs. 1 and 2. In Fig. 1, a four-bladed coupled rotor/� exible fuse-
lage model with four actuators for vibration suppression is shown.
The ACSR platform is shown as the rectangular structure (plate
1) at the top of the fuselage. The actuators, depicted by the heavy
(dark) vertical lines in Fig. 1, extend between points p1 –p2, p3–p4,
p5–p6, p7 –p8 , respectively, and are connected to the four corners

Fig. 1 Coupled rotor/fuselage dynamic system.

Fig. 2 Helicopter system schematic for ACSR.

of the ACSR platform. The schematic control loop governing the
ACSR system is shown in Fig. 2.

Preliminarytestsof theACSR systemhaveproducedverypromis-
ing results for the control of vibration in helicopters.7 ¡ 9 In the tests,
the selection of sensors and actuatorswas based on results obtained
from extensive ground shake tests. The major advantages of the
ACSR system are 1) one can select locations for preferential re-
ductionof vibratory motion, 2) reducedpower requirements,and 3)
minimal airworthiness requirements.7

The success of the ACSR system is evident from the fact that
a version of this system is currently used for vibration reduction
in one of the most modern helicopters being produced in Europe,
the EH101. Furthermore, another variant of the ACSR system, the
active vibration reduction (AVR) system, has recently been tested
in both ground and � ight tests.10,11 In this approach, the gear-box is
oscillated instead of an ACSR platform.

Despite the remarkable experimental successes of the ACSR
system, an analytical model of such a complex combined ro-
tor/actuator/fuselagedynamicsystemhas not been consideredin the
literature before. Such an analyticalmodel and the simulation capa-
bility that it provides is essential for the fundamental understanding
and successfulimplementationof theACSR approach.Sucha model
enables studies of optimal sensor locations (for vibration sensing)
and force application points that increase the performance of the
vibration reduction system.

The primary objective of this paper is to describe a new cou-
pled rotor/� exible fuselage aeroelastic response model, including
an ACSR platform and actuators required for the simulation of the
ACSR system on a rotorcraft combined with a free wake model.
The model consists of an Nb -bladed rotor with � exible hingeless
blades, a free wake model, a � nite element model for the � exible
fuselage, and a set of four actuators located in fuselage capable of
producing substantial oscillatory forces required for implementing
the ACSR approach. The model is used to simulate the behavior of
a four-bladed helicopter resembling an MBB BO-105 rotorcraft.

It is important to note that relatively few coupled rotor/� exible
fuselage aeroelastic response models exist that are capable of
modeling the vibration levels present in such a complicated
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structural dynamic system. Most coupled rotor/fuselage models
available combine a rotor with a number of � exible blades with
the fuselage rigid body degrees of freedom, and the use of such
models is aimed at studying the aeromechanical stability behavior
in forward � ight.12,13 A few coupled rotor/� exible fuselage mod-
els exist in the literature. Typical of these is a model described
in Ref. 14 that combines a � exible rotor with a � exible fuselage.
The fuselage model was relatively simple, consisting of a � exi-
ble beam with bending � exibility in two mutually perpendicular
planes and twist about the beam axis, but it lacked nonstructural
masses and a realistic fuselage. Other studies have represented the
coupled rotor/� exible fuselage model by a one-dimensionalbeam,
where the beam itself is modeled using a number of discrete beam-
type � nite elements.15,16 Again, the important role of nonstructural
masses in accurately simulating the frequency content of the cou-
pled rotor/� exible fuselage system was not addressed in Refs. 15
and 16. Other studies have shown remarkable differences in vibra-
tion levels in a coupled rotor/� exible fuselage system when using
linear in� ow and comparing it to free wake models. Loads obtained
using a free wake model resulted in vibration levels that were 100
times higher than those obtained using a linear in� ow model at cer-
tain advance ratios.17,18 The fuselage model used in Refs. 17 and
18 consisted of a “stick” model of the AH-1G. Thus, none of these
models are capable of simulating the re� ned local vibration levels
needed for studying the ACSR system. The current paper remedies
this situation by presentingan analytical simulation capability suit-
able for vibration reduction studies using ACSR, and it also makes
a major contribution toward the development of a re� ned coupled
rotor/� exible fuselage aeroelastic response modeling capability.

Mathematical Formulation
The coupledrotor/� exible fuselagemodel is capableof represent-

ing a rotor with � exible hingeless blades combined with a � exible
fuselage, and four force actuators which are located at the corners
of the fuselage cabin. The descriptionof the model, given below, is
separated into its components; namely, rotor, wake, fuselage, and
ACSR platform and actuators. For active vibration reduction stud-
ies, the model described in this paper is combined with a control
algorithm and sensors placed at speci� c fuselage locations.

Rotor Model
A fully � exible hingeless blade model with coupled � ap-lag-

torsional dynamics is used. The nonlinear partial differential equa-
tions describing the blade dynamics of an isolated rotor blade un-
dergoing moderate de� ections are given by Eqs. (5–7) of Ref. 19.
The structural operator in these equations is independentof the hub
motion, and the blade loads are left in a generic, symbolic form.
This arrangement permits this blade model to be used in the current
coupled rotor/� exible fuselage model with no modi� cations.

The distributedaerodynamic,gravitational,and inertial loads per
unit lengthare symbolicallyderivedand combinedto obtainthe total
distributed force and moment acting on the blade. These loads, in-
cluding the effects of fuselagemotion, are derivedusing a symbolic
manipulation program MACSYMA.20

The aerodynamic loads are obtained from Greenberg’s quasi-
steadyaerodynamictheory,21 whereas the inertialloads are basedon
D’Alembert’s principle.Reverse � ow is included,but stall and com-
pressibilityeffects are neglected. The inextensional assumption for
the axial deformation of the blade, commonly used in rotary-wing
aeroelasticity, is employed to express the blade axial deformation
in terms of its bending deformations.12 ¡ 14

The inertialand aerodynamicloads arederivedexplicitlyusingan
ordering scheme that allows one to have expressionsof manageable
size.14,22,23 Such orderingschemes have been also used in other sim-
ilar studies involving coupled rotor/� exible fuselage dynamics.15,16

The ordering scheme is based on the assumption that

(1) + (e 2) »= (1) (1)

where e is a small dimensionlessparameter on the order of a typical
blade slope. Equation (1) implies that terms of the order e 2 are
negligible compared to unity.

The most signi� cant quantities used in the formulation are as-
signed the following orders of magnitude:
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Such ordering schemes are based on experience and are applied
carefully so as to retain all the important terms.23 This ordering
scheme is used to systematically eliminate the appropriate higher
order nonlinear terms from the equations of motion.

Wake Model
The rotor wake model has been extracted from the comprehen-

sive rotorcraft analysis tool, CAMRAD/JA,24,25 and modi� ed to be
compatible with the aeroelastic response analysis employed in our
simulation.The wake model is composedof a wake geometrymodel
that determines the location of the wake in space and a wake calcu-
lation model that, given the wake geometry, calculates the induced
velocity distribution.

The wake geometry scheme was developed by Scully.26 Each
wake element is created at the blade and is convected with the air’s
local velocity,which is composedof the free stream velocity and the
wake inducedvelocity.The wake geometry is calculatedas follows:
1) the positionsof the blade generatingthe wake elements are calcu-
lated, 2) the undistortedwake is found by adding the contributionof
the free stream velocity to the wake element creation points, and 3)
the free wake geometry is found by adding the distortiondue to the
wake inducedvelocity to the undistortedgeometry.A wake element
is thus describedby the positionof the bladewhen the wake element
was created and the time elapsed from the time of element creation
to the current time. As illustrated in Fig. 3, the position of a generic
wake element can therefore be described as

rw ( w , u ) = rb( w ¡ u ) + u vw + D( w , u ) (3)

where w indicates the current blade azimuth position, u is the
nondimensional age of the wake element, and vw is the freestream

Fig. 3 Wake element.
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Fig. 4 Wake model.

velocity. The wake distortion D( w , u ) is calculated by integrating
in time the wake induced velocity acting on the wake element.

The wake calculation routine was developed by Johnson.27 The
model is based on a vortex lattice approximation of the wake con-
sisting of two main elements: the tip vortex and an inboard vortex
sheet as shown in Fig. 4. The tip vortex is a concentrated vorticity
� lament generatedat the tip of the blade,whereas the inboardvortex
sheet is due to trailed and shed vorticity and is much weaker and
more diffuse than the tip vortex.The tip vortices are modeled as vor-
tex lines with small viscous core radii, whereas the inboard sheet
can be represented by either vortex sheet elements or vortex line
segments with large core radii. Given the wake geometry and the
boundcirculationdistribution,matricesof in� uencecoef� cients that
describe the wake induced velocities as a function of blade bound
circulations are calculated. A simple matrix multiplication of in-
� uence coef� cients times the circulation distribution provides the
induced velocities

k i =
J

j = 1

C O j CO j +
J

j = 1

C I j C I j +
KNW

j = 0

M

i = 1

C i j CNWi j (4)

where J and M are the numbers of azimuthaland spanwise stations,
respectively,at which the inducedvelocitiesare calculatedand KNW

is the number of azimuthal stations that describe the extent of the
near wake.

Fuselage Model
The fuselage equations of motion are determined using a

Lagrangian formulation. The position of each point on the fuse-
lage is de� ned using two coordinate systems: a local coordinate
system with its origin at the fuselage center of mass and an inertial
reference system. The position of a point on the fuselage, denoted
R, can be described as a sum of the position of the center of mass in
the inertial frame, R0, and the position of the speci� c fuselage point
with respect to the center of mass in the local coordinate system r
so that

R = R0 + r (5)

The local position vector r is further broken down into undeformed
position ro and displacement due to elastic deformation r0 . There-
fore, the overall position of a point on the fuselage is expressed
as

R = R0 + r0 + r 0 (6)

The velocity of a fuselage point with respect to the inertial frame is

dR
dt

=
dR0

dt
+

d r0

d t
+

d r 0

d t
+ ! £ r (7)

Noting that d r0 / d t = 0, the kinetic energy of the fuselage is

T =
1

2 V

dR0

dt
¢

dR0

dt
+ 2

dR0

dt
¢

d r 0

d t
+

d r0

d t
¢

d r 0

d t

+ 2
d r 0

d t
¢ (! £ r) + (! £ r) ¢ (! £ r) + 2(! £ r) ¢

dR0

dt
q dV

(8)

The term

V

(! £ r) ¢ (! £ r) q dV

is more commonly seen in the form !T [I ]!. In general, the inertia
tensoris time varyingdue to elasticdeformation,but, in this analysis,
it will be assumed to be constant (i.e., the variance due to elastic
deformation is assumed to be negligible).

For the local coordinatesystem, mean axes28,29 are chosen.Mean
axes are de� ned such that the linear and angular momenta due to
elasticdeformationare identicallyzeroat everyinstant.It is assumed
that the elastic deformation r0 is small or that the displacement and
rate are collinear. The mean axes constraints are satis� ed if the
natural modes are orthogonal to the rigid body translational and
rotational modes.

Using mean axes and time-invariant densities, many terms in
Eq. (8) are identically zero so that the kinetic energy is shown to be

T =
1

2
M

dR0

dt
¢

dR0

dt
+

1

2
!T [I ]! +

1

2 V

d r 0

d t
¢

d r 0

d t
q dV (9)

Thus the kinetic energy of the fuselage is decoupled into strictly
rigid body contributions,

1

2
M

dR0

dt
¢

dR0

dt
+

1

2
!T [I ]!

and strictly elastic deformation contribution,

1

2 V

d r 0

d t
¢

d r 0

d t
q dV

Since the fuselageis modeledas an assemblageof � nite elements,
the elastic displacements are de� ned by a � nite number of gener-
alized coordinates qe. In typical notation, the kinetic energy due to
elastic deformation and the elastic strain energy are rewritten as

1
2 V

d r0

d t
¢

d r 0

d t
q dV =

1
2

ÇqT
e [M ] Çqe (10)

Ue = 1
2 qT

e [K ]qe (11)

The equations of motion are determined using Lagrange’s equation

d

dt

@L

@ Çqi
¡

@L

@qi
= Qi (12)

The Lagrangian L is de� ned as

L = T ¡ U =
1
2

M
dR0

dt
¢

dR0

dt
+

1
2

!T [I ]! +
1
2

ÇqT
e [M] Çqe

+ g ¢ R0 M ¡
1

2
qT

e [K ]qe (13)

It is easily seen that the Lagrangian is decoupled into terms due
to rigid fuselage motion and terms due to the elastic deformation.
Since the generalizedcoordinates,qi , are also decoupled into terms
de� ned by the motion of the center of mass and terms de� ned by
the elastic displacement,qe, the equations of motion are decoupled
into rigid body equations of motion and elastic fuselage equations
of motion. The rigid body equations of motion are well known and
are as follows:

M ẍcm = R F (14)
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where F includes all external forces applied to the body including
the gravitational force, and

[I ]
d !

d t
+ ! £ [I ]! = R Mcm (15)

where Mcm is the total moment about the center of mass due to
external forces.

The elastic equations become

[M]q̈e + [K ]qe = Q (16)

The generalized forces are determined from the principal of virtual
work30

Q i =
@

@( d qi )
( d W ) (17)

where d W is the virtual work associated with d qi , the arbitrary
virtual displacements of the generalized coordinates.

To determine the fuselage mass and stiffness matrices, the elastic
fuselage is modeled as a threedimensionalstructure.A collectionof
elements (i.e., an element library) is used to generate the structural
dynamic model of the fuselage. The elements used in the model
consist of linear Euler–Bernoulli beams and nonstructuralmass el-
ements. To achieve a realistic structural dynamic model for the he-
licopter fuselage, it is important to account for the concentrated
masses as shown by the open circles in Fig. 1. These nonstructural
masses, such as fuel tanks, engine, transmission,payloads, etc., are
modeled using a consistently derived � nite element model.31 Nu-
merical results indicate that if concentratedmasses are not properly
accounted for in the fuselage model, the salient features of the � rst
few modes corresponding to those present in an actual helicopter
cannot be captured.32 At each node, the nonstructuralmass element
is capable of three translational,as well as three rotational, degrees
of freedom. The nonstructural consistent mass matrix is derived
from the equation

Mns =
l

0 A

q M N T N dA dx (18)

The nonstructural mass per unit length is modeled by an equiv-
alent density function (q M ) de� ned over the length of the beam
element l such that the product of q M and the beam cross sectional
area integrated over its length contributes an amount of mass equal
to the nonstructuralmass. Separate density functionsare considered
for axial, torsional, and bending dynamics. Analytical expressions
for these equivalent density functions can be found in Ref. 31.

For the fuselage structure, Euler–Bernoulli beam elements are
used.At each node, three translationaland three rotationaldisplace-
ments in the x , y, z directions are used, for a total of twelve degrees
of freedom for each beam. The interpolation of the torsional and
axial displacements is linear, whereas cubic interpolationfunctions
are used for the transversebendingdisplacements.The interpolation
shape functions for the beam and truss elements, and the mass and
stiffnessmatrices resultingfrom their implementation,can be found
in Ref. 33.

Assembly of the individual � nite elements into a global stiffness
or mass matrix requires the transformationof the elemental degrees
of freedomfroma localcoordinatesystemto a globalcoordinatesys-
tem. The transformationsand assembly are carried out in the usual
manner. Once the global mass and stiffness matrices are obtained,
the eigenvalue problem for the entire problem with 966 degrees of
freedom is solved to obtain the frequenciesand mode shapes of the
fuselage. The solution is carried out using the InternationalMathe-
matical and Statistical Library (IMSL) subroutine DGEGV.

Using a normal mode transformation, the fuselage mode shapes
are used to describe the fuselage deformation. The generalized co-
ordinates describing the fuselage elastic motion are expressed as

qe = U » (19)

In the model, the fuselage dynamics are represented by a truncated
set of eight natural modes of free vibration. This representation

reduces the number of degrees of freedom associatedwith the fuse-
lage � exibilitywhile retainingthe dominantcomponentsof fuselage
deformation.

ACSR Platform and Actuators
An ACSR platform combined with its actuators is an important

ingredient that has to be incorporatedinto the coupled rotor/� exible
fuselage model, as shown in Fig. 1. In this study, the rotor system
is mounted to a rigid rectangular plate connected to the fuselage.
The engine and gear-box are assumed to be mounted to this rigid
platform. Four actuators, represented by the heavy, dark vertical
lines in Fig. 1, are connectedbetweenthe fourcornersof theplatform
and separate locations within the fuselage. The corners of this plate
are denoted p2 , p4, p6 , and p8 . The actuators are aligned vertically
and are connected to the bottom of the fuselage cabin at points
p1, p3, p5, and p7 . The locations of the actuator attachment points is
somewhat arbitrary.The primary requirement is that there is relative
motion between the actuator endpoints in the fuselage modes to be
controlledby the ACSR system. The vertical alignment used in this
study was chosen primarily to reduce the vertical accelerations in
the fuselage cabin. No attempt was made to optimize the locations
of the actuators.

The actuatorsare capableof producingsmall displacements,com-
bined with substantial oscillatory forces. Oscillatory control inputs
are sent to the actuators in order to counteract the rotor vibratory
forcing and minimize vibrations in the fuselage. The actuator tip
displacements are represented by

UT (t ) = U AC»(t ) (20)

where UT (t ) represents the total actuator tip displacements i.e.,
UT (t ) =Utop(t) ¡ Ubottom(t ). The matrix U AC denotesthemodalma-
trix relating the actuator displacements in the physical and modal
domains, with the vector »(t ) representing the fuselage modal par-
ticipation.

Solution Procedure
The solution of the coupled rotor/fuselage with free wake model

proceedsin severalnestediterationloopscomposedof a wakemodel
loop, a coupled trim/aeroelastic response loop, and a blade circula-
tion convergenceloop. The outer loop is the wake loop and consists
of three cases: 1) uniform in� ow, 2) prescribed wake, and 3) free
wake. In the uniform in� ow case, no wake is used. The prescribed
wake model uses the uniform in� ow solution to de� ne the wake
geometry. There is no wake self-induceddistortion in this iteration.
The free wake uses the results from the prescribed wake to include
the wake self-induceddistortion.Several iterationsof the free wake
case are used to re� ne the solution.

Within each wake iteration, the coupled rotor/fuselage trim and
aeroelasticresponse solutionsare determined. In this study, the trim
and response solutions are obtained simultaneously by satisfying
the trim equilibriumand the vibratory response of the helicopter for
all the rotor and fuselage degreesof freedom together.This coupled
trim/aeroelastic response solution is obtained using the harmonic
balance technique, which replaces a system of ordinary differential
equations of motion in the time domain by a system of algebraic
equations with constant coef� cients in the frequency domain.14,34

This transformationto the frequencydomainis accomplishedbyper-
formingFourierseriesexpansionson the variousdegreesof freedom
present in the coupled rotor/� exible fuselage model. The equations
of motion for the coupled rotor/fuselage system are concisely rep-
resented by

Fb(q, Çq, q̈, qt ; w ) = 0 (21)

Fr (q, Çq, q̈, qt ; w ) = 0 (22)

Fe(q, Çq, q̈, qt ; w ) = 0 (23)

Ft (q, Çq, q̈, qt ; w ) = 0 (24)

Equation (21) represents the blade � ap-lag-torsional equations
of motion. The vectors Fr , Fe , and Ft correspond to the fuselage
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rigid body, the fuselage elastic motion expressed in modal domain,
and the trim equations, respectively. The vector qt represents the
propulsive trim solution that consists of the quantities h 0, h 1c , h 1s ,
h tr, a R and u s . The response vector q consists of the blade, fuselage
rigid body, and fuselage elastic degrees of freedom, i.e.,

q = {qb qr qe}T (25)

The vector qb represents the blade response in � ap, lag, and torsion,
i.e.,

qb = {w v u }T (26)

The system of coupled partial differentialblade equationsof mo-
tion is transformed to a system of ordinary nonlinear differential
equations by applying Galerkin’s method to eliminate the spatial
variable. The blade degrees of freedom are approximated by two
torsional, two lead-lag, and three � ap, uncoupled, free vibration
modes of a rotating cantilevered blade.

The vector qr represents the fuselage rigid body translationaland
rotational responses, i.e.,

qr = {Rx Ry Rz h x h y h z}T (27)

The vector qe represents the fuselage elastic deformations, i.e.,

qe = U {»1 . . . »n}T (28)

where n is the number of elastic fuselage modes retained in the
truncated modal model of the � exible fuselage.

The dominantcomponentsof the rotor loads, transmitted through
the hub to the fuselage, are integer multiples of the rotor passage
frequency ni Nb X . Therefore, the combined response of the fuse-
lage, consisting of a combination of rigid body and elastic degrees
of freedom, will contain primarily integer multiples of Nb/rev har-
monics. In steady forward � ight, a periodic solution in the form
of Fourier series is assumed for the blade and fuselage degrees of
freedom,14,34 which can be expanded as follows:

qb = qb0 +
NH

n = 1

qbnc cos(n w ) + qbns sin(n w ) (29)

qr = qr0 +
Nrg

n = 1

qrnc cos(nNb w ) + qrns sin(nNb w ) (30)

qe = qe0 +
Nel

n = 1

qenc cos(nNb w ) + qens sin(nNb w ) (31)

The equations of motion represented by Eqs. (21–24) can be
expressedexplicitlyin termsof Fourier seriesexpansioncoef� cients
by substituting into them Eqs. (29–31) and applying the harmonic
balance technique to yield a system of nonlinear coupled algebraic
equations. The resulting blade equations of motion expressed in
terms of expansion coef� cients can be symbolically represented as
follows:

Fb = Fb0 +
NH

n = 1

Fbnc cos(n w ) + Fbns sin(n w ) (32)

where

Fb0 =
1

2p

2p

0

Fb(q, Çq, q̈, qt ; w ) dw

Fbnc =
1
p

2p

0

Fb(q, Çq, q̈, qt ; w ) cos(n w ) d w

Fbns =
1
p

2 p

0

Fb(q, Çq, q̈, qt ; w ) sin(n w ) d w (33)

Similar equations are obtained for the expansions of the fuselage
rigid body and elastic equations of motion.

Table 1 Helicopter data

Parameter Value

Soft in-blade data and frequencies for the four bladed rotora

CW 0.005
r 0.07
b p 0.0
f Cd f / p R2 0.01
h1 / R 0.2851
h2 / R 0.2851
a 2p
c/ R 0.055
E Iy / mb X 2 R2 0.0106
E Iz / mb X 2 R2 0.0301
G J / mb X 2 R2 0.001473
x F1 1.124
x F2 3.407
x F3 7.617
x L1 0.7311
x L2 4.453
x T1 3.175
x T2 9.097

Data for the complete three-dimensional elastic fuselage
A / R2 0.788 £ 10 ¡ 4

E / mb X 2 0.662 £ 107

G / mb X 2 0.249 £ 107

q / (mb / R2 ) 0.119 £ 105

Ix / R4 0.193 £ 10 ¡ 8

Iy / R4 0.966 £ 10 ¡ 9

Iz / R4 0.966 £ 10 ¡ 8

Elements 300
Degrees of freedom 966
Nodes 161

aThe offsets of blade center of mass, aerodynamics center, and tension center
from the elastic axis are zero.

Table 2 Fuselage mode shape frequencies

Mode shape description Frequency, Hz

Fuselage yawing 5.28
Fuselage pitching 5.36
Fuselage torsion 11.07
Fuselage compression 18.81
Tail boom bending 23.23
Fuselage torsion 25.11
Landing gear vertical 26.73
Landing gear lateral 29.02

Fig. 5a Fuselage torsional mode; 11.07 Hz.

Fig. 5b Landing gear vertical mode; 26.73 Hz.
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The rotor inertial, aerodynamic,gravitational,and damping loads
are integrated along the blade span for each blade and combined at
the hub. Subsequently, the loads are transformed to the nonrotating
reference frame. These hub loads are input into the fuselage equa-
tions of motion so that exact rotor/fuselage coupling is enforced.

The set of trim, blade, fuselage rigid body, and fuselage elastic
equations is combined and solved simultaneously for steady and
level forward � ight to yield the required solution vector. This sys-
tem of equationsis solvedby the IMSL nonlinearalgebraicequation
solver, DNEQNF.35 This routine uses the Levenberg–Marquardt al-
gorithm to solve the trim and aeroelastic response simultaneously
and calculates the Jacobian of the system using a � nite difference
scheme.

a) Hub shears

b) Hub moments

Fig. 6 Hub loads vs advance ratio.

As describedin the mathematical formulationof the wake model,
the wake calculation routine returns in� uence matrices that relate
the in� ow distribution to the circulation distribution.However, the
circulationdistribution is dependent on the required lift, and the lift
is dependenton the in� owdistribution.Thus, it is necessaryto iterate
on circulation convergence for the prescribed wake and free wake
iterations.Given the circulationdistributionfrom the solutionof the
previous wake iteration, the in� ow distribution is determined.From
the in� ow distribution,the distributionof lift is calculated.From the
calculatedlift, the requiredcirculationisdetermined,and theprocess
repeats until the circulation converges to within a prescribed limit.

For the correct calculation of the Jacobian in the IMSL routine
DNEQNF, all parameters other than the speci� c one being varied
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must remain � xed. To keep the in� ow distribution � xed, the circu-
lation cannot vary. This requires a modi� cation to the circulation
iteration of CAMRAD/JA such that the circulation is not updated
during thecomputationof the Jacobian.As a consequence,thecircu-
lation values near the blade tip converge slower than in the iterative
procedure used in CAMRAD/JA, where the number of updates is
greater. To remedy this situation, a test that checks the circulation
convergencein the tip regionhas been added to the maximumbound
circulation convergence test that CAMRAD/JA utilizes.

Convergence of the coupled trim/aeroelastic code requires a rea-
sonable initial guess for the trim vector. For starting the uniform
in� ow iteration, the solution for hover, i.e., l =0, is used as the
initial guess for the values of forward � ight solution, and the ad-

a) Hub shears

b) Hub moments

Fig. 7 In� uence of aerodynamic model on vibratory hub loads.

vance ratio is gradually incremented. It is noteworthy that the initial
guesses for the fuselage rigid body and elastic degrees of freedom
are not critical for convergenceof the coupled rotor/fuselage code,
and, therefore, they are set to zero for convenience.36 Whereas the
number of harmonics used in the expansionof blade displacements
determinesthe accuracyof the results,the numberhas a minor effect
on the rate of convergenceof the coupled rotor/fuselagecode.Simi-
larly, the rate of convergenceof the coupled rotor/fuselage problem
is insensitiveto the numberof � exiblemodes retainedin the fuselage
model.36 For the prescribed and free wake iterations, the solution
vector from the preceding iteration is used as the initial guess.

After the trim and response solutionvectors have been found, the
rotor vibratory hub loads are determined. The loads at the root of
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the kth blade are obtained in the rotating frame by integrating the
distributed loads along the span of the blade. These root loads are
subsequentlytransferredto the hub and transformedto the hub � xed,
nonrotating, reference frame. The summation of the contributions
from the various blades yields the total vibratory hub loads. For an
Nb-bladedrotor, thevibratoryhub loads areprimarily Nb / rev. In this
study, the hub shear, moment, and acceleration vector amplitudes
are de� ned, respectively,as follows:

j F j = F2
NbC + F 2

Nb S , j M j = M2
NbC + M 2

Nb S

j a j = a2
NbC + a2

Nb S (34)

where Eq. (34) corresponds to the oscillatory part of the hub loads
and acceleration vectors given by

FH = F0 + FNbC cos(Nb w ) + FNb S sin(Nb w )

MH = M0 + MNbC cos(Nb w ) + MNb S sin(Nb w )

ab = a0 + aNbC cos(Nb w ) + aNb S sin(Nb w ) (35)

Results and Discussion
In this section, the results for a coupled rotor/� exible fuselage

model are presented for a four-bladed helicopter. The � rst eight
fuselage free vibration modes and the comparison of the vibratory
hub loadsfor the hub � xed and hub free cases are also presented.The
helicopter parameters are chosen to model approximately an MBB
BO-105 helicopter operating at a weight coef� cient of Cw =0.005,
with soft-in-plane hingeless rotor blades. The three-dimensional
fuselage is modeled by beam elements combined with nonstruc-
tural masses, as depicted in Fig. 1.

For the soft-in-plane rotor, the basic data used in the computa-
tion, togetherwith the uncoupledrotatingnaturalfrequenciesfor the
blade modes, are given in Table 1. The chosen airfoil is the NACA
0012. All calculationswere carried out using seven modes for each
blade: three � ap, two lag, and two torsional modes. Six harmonics
were used in generating the blade responses.The data for the � nite
element representationof the fuselage are also provided in Table 1.
The � exible fuselage dynamics are represented by a truncated set
of eight natural modes of free vibration, so as to reduce the number

Fig. 8 Uniform in� ow accelerations for ACSR: active and inactive.

of degrees of freedom associatedwith fuselage � exibility. It should
also be mentioned that the comparison studies described in Ref. 36
have veri� ed the reliability of the aeroelastic response code for the
� xed hub case; becauseof lack of space, these results are not shown
in this paper.

Fuselage Free Vibration Modes
The frequenciesof the � rst eight elastic free vibration modes are

provided in Table 2. It should be emphasized that the identi� cation
of these modes by the descriptive terms in the table is qualitative.
In reality, these are all coupled modes, and their qualitative identi-
� cation is associated with the principal contributionof the degrees
of freedom mentioned in the overall motion of the fuselage. Mode
shapes for two of the modes are provided in Fig. 5.

Comparison of Coupled Rotor/Flexible Fuselage
and Hub Fixed Results

To assess the effects of fuselage coupling on the helicopter hub
loads, thehub shearsand moments of the fullycoupledrotor/� exible
fuselage model are compared with the corresponding values of the
hub � xed case assuming a uniform in� ow. The hub � xed results
are taken from Ref. 37, which uses the same rotor model as the
current study. Figures 6a and 6b depict the hub loads as a function
of advance ratio for both the hub � xed and hub free cases. Figure 6a
indicatesthat thehub shearsgeneratedwith thehub � xedassumption
are slightly higher than the corresponding hub free values. Similar
observationscan be made regarding the hub moments as illustrated
in Fig. 6b. Thus, the inclusion of the � exible fuselage has a minor
effect on rotor hub loads.

Uniform In� ow and Free Wake Results Comparison
The importance of a re� ned aerodynamic model on the 4/rev vi-

bratory hub loads of a four-bladed helicopter is shown in Figs. 7a
and 7b. Both � gures present the hub loads as a function of advance
ratio for both the uniform in� ow and free wake models. Figure 7a
shows the powerful effect of the inclusion of a free wake model on
the 4/rev hub shears. These vibratory hub shears are signi� cantly
higher with the re� ned aerodynamicmodel, especially at lower ad-
vance ratios where blade vortex interaction plays a larger role. The
differences between the results of the two aerodynamic models di-
minish at higher advance ratios. As illustratedby Fig. 7b, the vibra-
tory hub moments have similar characteristics.These � gures show
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the necessity of including re� ned aerodynamic models in the cal-
culation of vibratory hub loads and, therefore, in the calculation of
fuselage acceleration levels.

Vibration Reduction Using ACSR
As stated in the introduction, the purpose of the described ana-

lytical model is to investigatethe vibration reduction capabilitiesof
ACSR. To demonstrate this capability, Figs. 8–11 provide sample
results froman ACSR simulation.The full set of resultsare to bepre-
sented in a later paper.The control algorithmused in this simulation
is described by Chiu and Friedmann.38 In this scheme, the forces
across the servo actuators, due to control inputs and spring forces
due to fuselageelasticdeformation,are set to zero throughtheproper
choiceof controlinputs.Figure 8 shows theverticalaccelerationlev-
els at the pilot seat and at a rear cabin positionof a four-bladedheli-
copter, assuming uniform in� ow for both cases of the controller ac-
tive and inactive.The vibrationsat the rear cabin positionare greater

Fig. 9 Uniform in� ow actuator force amplitudes.

Fig. 10 Free wake accelerations for ACSR: active and inactive.

than those at the pilot seat. As seen in the � gure, the vibration levels
at both locations are markedly reduced by the ACSR system. This
vibration reduction is evident at all advance ratios. The amplitudes
of the oscillatoryactuatorforcesrequiredfor this vibrationreduction
are shown in Fig. 9. For the uniform in� ow model, the required ac-
tuator forces increaseas advanceratio increases.At an advanceratio
of 0.4, actuatorscapableof producingforces on the order of 2500 lb
(11,125 N) are required. Figure 10 depicts the vertical acceleration
levels of the same four-bladedhelicopterusing the free wake model.
The ACSR system reducesvibration levels also in this case. The ac-
tuator requirements for the free wake model are shown in Fig. 11.
With the free wake model, large actuatorforcesare requiredat lower
advance ratios where the vibratory hub loads are much higher than
in the uniform in� ow model. The ACSR system requires forces on
the order of 4000 lb (17,800 N) for this aerodynamic model. With
both aerodynamic models, the power required by the ACSR sys-
tem is less than 1% of the total rotor power for all advance ratios
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Fig. 11 Free wake actuator force amplitudes.

but is higher for the free wake model than for the uniform in� ow
model.

Conclusions
A re� ned coupled rotor/� exible fuselage model, which also con-

tains a provision for modeling a novel type of vibration suppres-
sion device denoted by the term ACSR, combined with a free wake
model, has beenderivedand implementedin an aeroelasticresponse
analysis code. The rotor is represented by hingeless blades, while
the fuselage is represented by a three-dimensional � nite element
model, which model also includes the important effects of non-
structural masses. The approach combines a nonlinear rotor model,
where the nonlinearitiesare due to moderate blade de� ections,with
a linear modal representationof the � exible fuselage.

The aerodynamic model of the wake has a signi� cant impact on
the vibratory hub loads. The results obtained using uniform in� ow
show markedly lower levels of vibratory hub shears and moments
than those obtained with the free wake model. These differences
are most notable at those lower advance ratios where blade vortex
interactions play a larger role.

The study also indicates that the accelerationsat various fuselage
locations considered are dependent on the locations where they are
measured, with the accelerations higher for the rear cabin loca-
tion than the pilot seat. The ACSR system is able to reduce these
accelerations at all advance ratios. The actuator force and power
requirements for ACSR are higher for the free wake model than for
the uniform in� ow model. The power required is less than 1% of
the total rotor power for both aerodynamic models.

An aeroelastic response model such as described in this paper is
a valuable tool for conducting actively controlled vibration studies
using the ACSR system.
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